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MULTIVARIABLE SPECTRAL MULTIPLIERS AND ANALYSIS 
OF QUASIELLIPTIC OPERATORS ON FRACTALS 

ADAM SIKORA 

Abstract. We study multivariable spectral multipliers F{Li,L2) acting on 
OO ' Cartesian product of ambient spaces of two self-adjoint operators Li and L2- 

^D , We prove that if F satisfies Hormander type differentiability condition then the 

operator F{Li, L2) is of Calderon-Zygmund type. We apply obtained results to 
the analysis of quasielliptic operators acting on product of some fractal spaces. 
The existence and surprising properties of quasielliptic operators have been 
recently observed in works of Bockelman, Drenning and Strichartz. This paper 
QQ ' demonstrates that Riesz type operators corresponding to quasielliptic operators 

CN , are continuous on L^ spaces. This solves the problem posed in [H (1.3) p. 1363]. 

^ , I dedicate this paper to the memory of my teachers Andrzej Hulanicki and 

^ I Tadeusz Pythk. 

-)— » 

1. Introduction 

Suppose that L is a self-adjoint operator acting on L^(X, /x), where X is a 
measure space with measure /i. Such an operator admits a spectral resolution 
^ ! -E'l(A) and for any bounded Borel function F: R — ;► C, we define the operator 

T^ij- I F{L) by the formula 

5 ■ F{L) = [ F{X)dEL{X). 

O ' By the spectral theorem the operator F{L) is continuous on L'^{X,fi). Spectral 

multiplier theorems investigate sufficient conditions on function F which ensure 
that the operator F{L) extends to a bounded operator on L'^ for some q in the 
range 1 < g < 00. The theory of spectral multipliers constitutes an important 

/\ • field of Harmonic analysis and there exists a vast literature devoted to the topic, 

^ : see for example [IlElElElIinillllllSlElEIlIISlEUland references within. The 

main aim of this paper is to develop a theory of multivariable spectral multipliers 
of two self-adjoint independent operators acting on the Cartesian product of their 
ambient spaces. One could also consider here three or more operators but, for 
simplicity, we limit the discussion to the two dimensional version. 

1.1. Multivariable spectral multiplier. We begin our discussion by explaining 
the definition of multivariable spectral multipliers. We consider two self-adjoint 
operators Lj, j = 1,2 acting on spaces L^(Xj). The tensor product operators 
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Li (g) 1 and 1® L2 act on L^(Xi x X2), where Xi x X2 is the Cartesian product of 
Xi and X2 with the product measure fi = fii x fi2- To simphfy notation we will 
write Li and L2 instead of Li ® 1 and 1 ® i^2- Note that there is a unique spectral 
decomposition E such that for all Borel subsets A C R^, E{A) is a projection on 
L^(Xi X X2) and such that for any Borel subsets Aj C R, j = 1, 2 one has 

E{A, X A2) = ElMi) ^ ElM2)- 

Hence for any function F: K? -^ C one can define the operator F{Li, L2) acting 
as operators on space L'^{Xi x X2, ) by the formula 

(1) F{L^,L2)= f F{X^,X2)dE{X,,X2). 

A straightforward variation of classical spectral theory arguments shows that for 
any bounded Borel function F: R^ —>■ C the operator F{Li, L2) is continuous on 
L^(Xi X X2) and its norm is bounded by ||F||ioo. In this paper we are looking for 
necessary smoothness conditions on function F so that the operator F{Li,L2) is 
bounded on a range of other L^{Xi x X2) spaces. The condition on function F 
which we use is a variant of the differentiability condition in Hormdander-Mikhlin 
Fourier multiplier result, see [HI [21] and [151 Theorem 7.9.6]. 

One motivation for multivariable spectral multiplier results comes from Riesz 
transform like operators, for example 

aLi + &L2 L1L2 

or 



cLi + dL2 (cLi + rfL2)2' 

where a, 6 G R are arbitrary real numbers and c,d> 0. Here we assume that 
the operators Lj are positive for i = 1,2. It is easy to note that then such 
operators are bounded on L^(Xi XX2). We prove that under standard assumptions 
such operators are of Calderon-Zygmund type, that is, they are bounded on all 
LP{Xi X X2) spaces for 1 < p < 00 and of weak type (1, 1). Of course one can 
consider a much larger family of operators of this type. For the Laplace operators 
acting on some fractal spaces and for some real numbers c, d the above operators 
are still bounded on L^(Xi x X2) (and as we prove it in this paper on other 
L^{Xi X X2) spaces 1 < p < 00) even though cd < 0. We describe this intriguing 
phenomenon in the following section. 

1.2. Product of fractals and quasielliptic operators. In [1] and [H] it is 

shown that for the Laplace operators defined on some fractal spaces, the set 
of ratios of eigenvalues have gaps. This means that there are intervals {a, (3), 
< a < P, such that for any two eigenvalues Aj, Aj of the Laplacian acting on the 
same fractal spaces one has p ^ {a, (3). For example if one considers the Dirichlet 
or Neumann Laplacian on Sierpihski Gasket SG then -^ 4. (tt,/9), where 

(2) a = lim ^44 ~ 2.0611 and (3 = lim AM^ ~ 2.4288 

n^oo ?/>„(3) n^oo -0,1+1(3) 



and ^jj{x) = (5 — a/25 — 4x)/2, see [1]. The existence of gaps in the set of ratios of 
eigenvalues has a surprising consequence. Namely one can consider the product of 
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two copies of such fractal spaces and operators Li and L2 which are copies of the 
same Laplace operator acting on first and second variable respectively. Now it is 
easy to notice that if (a, (3) is a gap in the set of ratios of eigenvalues a < 7 < /3, 
a,b eH, c,d > and ^ = 7 then the operators 

all + 6L2 L1L2 

(3) -7 IT- o^ 



cLi — dL2 {cLi — dL 



\2' 



2} 

are bounded on L^. Following [4j we call operators of the form cLi — dL2 quasi- 
elliptic. It was asked in [1] whether the above operators are bounded on other U' 
spaces. This question is the initial motivation of this paper. We prove that these 
operators are indeed bounded on all U' spaces for 1 < p < 00 and of weak type 

(1,1)- 

The idea of multivariable spectral multipliers is of independent interest. It 

seems to be possible to obtain more general versions of multivariable spectral 

multipliers and some Marcinkiewicz type variations of these results. However, 

here we concentrate on obtaining a possibly simple proof of weak type (1, 1) for 

Riesz transform type operators corresponding to quasielliptic operators. 

1.3. Doubling condition. Before we state our main result we have to describe 
our basic assumptions. As it is usually the case in theory of spectral multipliers 
we require the doubling condition and some version of Gaussian estimates for 
semigroups generated by operators L^, j = 1,2, see |21[II]- We assume that the 
considered ambient spaces Xj j = 1,2 are equipped with a Borel measure /ij and 
distances pj. Let B{x,r) = {y & X : p{x,y) < r} be the open ball centred at x 
and radius r. We suppose throughout that Xi,X2 satisfy the doubling condition, 
that is there exists a constant C such that 

(4) pj{B{xj,2r))<Cpj{B{xj,r)) \fxj E Xj,\/r > 0,j = 1,2. 

Note that (jlj) implies that there exist positive constants C and di,d2 such that 

(5) pj{B{xj,tr)) < C{1 + tY^pj{B{xj,r)) Vt > 0, Xj E Xj, r > 0. 

In the sequel we always assume that i^ holds. Note that all fractal spaces which 
we discuss here satisfy condition (^. In fact for these spaces p{B{x,r)) ~ r"^ for 
all r < 1, see 



1.4. Kernels of operators. Suppose that T is a bounded operator on L^(X). 
We say that a measurable function Kt '■ X"^ ^ C is the (singular) kernel of T if 



(6) (T/i,/2)= / Tfif2dp= / KT{x,y)fi{y)f2{x)dp{x)dp{y). 

J X J X 

for all /i,/2 E Cc{X) (for all /i,/2 E Cc{X) such that supp /i fl supp/2 = 
respectively). It is well known that if T is bounded from L^{X) to L'^(X), where 
1 < q, then T is a kernel operator, and 
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In addition, if S is continuous on L'^{X) then for almost all y G X 

(7) KsT,y = SKT,y 

where Kx^yix) = Kt{x, y). Next we denote the weak type (1,1) norm of an oper- 
ator T on a measure space {X,fi) by ||T|| ^1^/^1,00 = sup A /i({x G X : |T/(x)| > 
A}), where the supremum is taken over A > and functions / with L^ norm less 
than one; this is often called the "operator norm" , though in fact it is not a norm. 
In the sequel we will always require the following Gaussian estimates for the 
heat kernel corresponding to the operators Li and L2. 

Assumption 1.1. Let Lj, j = 1,2 be self-adjoint positive definite operators. 
We assume that the semigroups generated by Lj on L'^{Xj) have the kernels 

p^{xj,yj) = Kcxp{-tL )ixj,yj) defined by ([6]) which for some constants Cj,bj > 
and m > 1 satisfy the following Gaussian upper bounds 

(8) \phx„y,)\ < C,^,{B{y,^'ln)-'e^V ( - ^.^^I^^T-^) 
for allt > and j G {1,2}. 

We will call pf (x,y) the heat kernels associated with Lj. Such estimates are 
typical for elliptic or sub-elliptic differential operators of order m (see e.g. [H])- 
But such estimates hold also for most of the Laplace type operators acting on 
fractals, see [T6l[2l]. 

Note that Assumption 11.11 implies that the operator -ft'cxp(sLi+tL2) has a L°° 
kernel given by the following formula 

Kexp(sLi+tL2){{xi,X2), (z/l, I/2)) = pi^' (xi, yi)pf ^ (xa, I/2) 

for all s,t > 0. 

2. Main result 

We define a family of dilations {St}t>o acting on functions F: R^ — > C by the 
formula 

6tF{X^,X2) = F{tX^,tX2). 

Next let us recall that the norms in Sobolev spaces IVf (R") are defined by the 
formula 

11-^11 WfCR") = ll(^ + -^) -^I|lp(R"), 

where A is the standard Laplace operator. Now we can formulate our main 
spectral multiplier result. 

Theorem 2.1. Suppose that spaces Xj satisfy doubling condition ([5]) with con- 
stants di and ^2- Further assume that operators Lj satisfy Assumption \1.1\ with 
the same order m. Let F: R^ -^ C be a continuous function and letrj G C^(0, oo) 
be an auxiliary nonzero cut-off function. Suppose that for some s > ^li^ 

(9) sup Wv StFWw^oc < oo, 

t>o 
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where rj{x, y) = r]{x + y). Then the operator F{Li, L2) is of weak type (1, 1) and 
is bounded on L'^{X), X = Xi x X2 for all 1 < q < 00 . In addition 

||F(Li,L2)||li^li,oo < C^sup ||r/(5iF||v^oc(R,2). 

i>0 

Remarks 1. We assume that Li and L2 are positive so F{Li,L2) depends only 
on the restriction of F to [0, 00)^. However, it is easier to state Theorem 12.11 if 
one considers functions F: R^ — * C. 

2. The condition on function F in Theorem 12.11 is similar to the condition in 
Hormdander-Mikhlin Fourier multiplier result, see [T^[2T] and [151 Theorem 7.9.6]. 
The only difference is that we use the space W^ instead of W^. The significance 
of this difference is discussed in [11] . 

3. It is not difficult to check that if for all |/| < [^^^^] + 1, where [a] is an 
integer part of a, 

sup |A|I^I|9^F(A)| <oo, 

AGR2 

then F satisfies condition Q, see [HEIIIB]- In a sense condition (jH]) is a fractional 
exponent version of the above condition in which |/| must be an integer. The 
above condition is an illuminating illustration of condition (Q. In fact condition 
([9]) can be stated equivalently using interpolation between integer cases of the 
above definition. 

Note that rj is only an auxiliary function and that condition (Q does not depend 
of rj. 

4. It would be interesting to obtain a version of Theorem 12.11 with condition 
([9]) replaced by 

sup \X^d^F{X)\ <oo, 
AeR2 

for all |/| < I for some sufficiently large /, see [20| Theorem 1.3]. 

5. It could be also interesting to try to obtain some multivariable spectral 
multipliers results similar to Theorem 12.11 using the techniques developed in [121 

[nj. 

2.1. Notation. In subsequent sections we use the following notation. We put 
Xp = Xi X X2, xp = (a;i,a;2) G Xp and yp = {yi,y2)- Next /xp = /xi x 1^2 
and we set pp{xp,yp) = raax{{pi{xi,yi), p2{x2,y2)}- If the discussed results hold 
separately for both Xi and X2 spaces we just skip index i, j and use X, x, y, p etc. 

3. Proof of Theorem 12.11 

We split the proof of Theorem 12. II into a few lemmas. First we show the following 
straightforward consequences of Assumption 11.11 

Lemma 3.1. Suppose that (jHD and ^ hold. Then for all r,t > 

(10) / \pt{x,y)\''dp{x)<Cp{B{y,t'l^)r^ 



exp 



X-B{y,r) \ 1^ '^ ' 
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In particular 

\\pti^, -Wmx) = \\pti-,^)\\hix) < c^,{B{x,t'/nr'- 

Proof. By (IHl) and ([5]) (see also P, Lemma 2.1]) 

C 

X-B{y,r) X-B{y,r) 



\pt{x,y)\^dfiix) < „,p,^, ,,,„,,, / exp -26 -{^K^^WTt) df^{x) 



- il{B{yJ-)f /, "^P ( ~ ^ -\J p{x^yrit)d^{x) 



exp(-6 "^-{/r-^/t) ' 

U 



Second we prove the following lemma 

Ji] 



Lemma 3.2. Suppose that M {xj, ■ )lli2(x,./.,) < C^ij{B{xj,t'^l"'))-^ . Th 

il^F(Li,L2)(a;p, ■)IIl2(Xp) = II ^F(Li,L2)(-'^p) II L2{Xp) 

<C\\F\\l^ \{^^,{B{x,,R-'))-' 
/or an?/ Borel function F : R^ — > C suc/i i/iai supp F C [0, i?™] x [0, i?™] . 



en 



Proof. Set 



Gi = ^, where GalAi, A2) = exp(-i?-"^(Ai + A2)). 

L^2 



Then 

||G'i(Li,L2)||l2(Xp)^L2{Xp) < IICiIIl"" < e||F||i;^cx). 

By (jZj) the operator F{Li, L2) has the kernel given by the formula 

KF{L^,L2){^P^yp) = [G'i(Li,L2)i^G2(Li,L2)(->l/p)] i^p)- 

Now 



11) / \KF(^L^^L^){xp,yp)\'^dfip{yp) 

JXp 



<||Gi(Li,L2)||i.^^. n lbS$-'"(-,^. 



i;iiL2(Xj) 

i=i,2 



i=l,2 i=l,2 

D 
Third we show that (compare [TT| [22]) 
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Lemma 3.3. For any si, S2 > there exists a constant C such that 
(12) < C n {l^j{B{y„R-'))-'R-'^il + \T,\) 



L 



X1XX2 



i=i,2 
for all Tj G R and R> 0. 



Proof. Note that the integral (1121) is a product of integrals and it is enough to 
show that the above estimates hold for j = 1 and j = 2 separately, that is 

holds for j = 1 and j = 2. The proof for j = 1 and j = 2 is the same so to simplify 
notation we skip the index j. The rest of the proof follows closely the proof in 
^llj and we describe it here for the sake of completeness. First, we assume that 
||/IU2(x) = 1 and that supp / C X — B{y,r). Next, we define the holomorphic 
function Fy-. {z E C: 3fJe z > 0} ^ C by the formula 

Fyiz) = e-^^'"/i(i?(y, l/R))n^p,ix,y)fix)dfiix)] . 

By the same argument as in flTTl) if we put z = \z\e'^^ , then ^ez = \z\ cos9 and 
\\Pz{-,y)\\l2 = \\p\z\cose{-,y)\\l2- Hence by Lemma O 

< (^^-fi-Uicosg PiB{y,l/R)) ^^^^-Rr^\,\cose(^ ^ 1 V^"" 



fi{B{y, "^1^1 cos 0)) V R^'lzlcosO 

< CR-Wz\ cos e)-"^/"". 

Similarly for ^ = by Lemma 13.11 

Now let us recall the following version of Phragmen-Lindelof Theorem 

Lemma 3.4 ([HI Lemma 9]). Suppose that function F is analytic on the half-plane 
C+ = {z e C: ^ez > 0} and that 

|F(|z|e^^)| <ai{\z\ cos e)-'^' 

\F{\z\)\ < ailz]-/^' exp{-a2\z\-^') 
for some ai, 02 > 0, /3i > 0, P2 & (0, 1], all z G C+. Then 

\F{\z\e'')\ < ai2'''{\z\cose)-^' exp (- ^Izl-f"' cose) 
for all z G C+. 
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Now if \z\e'^ = {l + iT)R-"', then \z\ = i?-'"(l + |r|2)V2^ cos^ = (1 + |r|2)-V2 
and 1^1 cos^ = i?"™. Putting ai = CR-'^, aa = br"'/^'^-^\ /3i = d/m and /?2 = 
l/{m — 1) in Lemma [3.41 we conclude that 

\Fy{(l + it)R-'^)\ < C'exp ( - b'{rR/{l + \t\))"'/^"'-^A. 

Hence 



fi{B{y,l/R)) / \P{i+iT)R-m{x,y)\ dji^x) 

JX-B{y,r) 



< Cexp ( - 6'(ri?/(l + |r|))™/(™-i) 
Finally, we have 

b(i+ir)ij-™ (a;, y) I V(a^, vYdfiix) 

^>g Jfc(l+|r|)i?-l<p(x,y)<(fc+l){l + |r|)iJ-l 

< CfiiBiy,l/R))-'R-%l + \T\y. 

D 

Next we show that 

Lemma 3.5. Suppose that Li and L2 satisfy Assumption (11 .ip . i? > and s = 
Si + 82- Then for any e > there exists a constant C = C{s, e) such that 

/ |^F(Li,L2)((a;i,X2),(2/l,l/2))|^ JJ (l + i?Pj(xj,?/j))''^rf/ii X/i2(xi,X2) 

•^^ i=i,2 

for all Borel functions F such that supp F C [0, i?™]^. 

Proof. Set 

G(Ai,A2)=e^^+^^5^™F(Ai,A2). 
In virtue of the Fourier inversion formula 

F(Li, L2) = GiR-'^L,, R-'^L^) exp (-i?-"^(Li + L^)) 
= ^ / exp I ^ (^r, - 1)/?-"^, J Gin, T2)dndT2, 
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where G is the Fourier transform of the function G. Hence 

^F(Li,L2)((a;i,a;2), (1/1,1/2)) 



471-2 

Thus by Lemma 13.31 and Lemma 13.11 

|^F(Li,L2)((a;i,a;2),(2/i,i/2))| 

X1XX2 



— / G(ri,r2) JJ v\l-ir^)R-m{,Xj,yj)dTidT2. 

•^^^ i=l,2 



x{l + Rpi{xi,yi)y'{l + Rp2{x2,y2)y^dfii x /i2(a;i,X2 
< / |G(ri,r2)|(^ Yl / b(lLir,)R-™(^i'%)l^(l + ^Pi(^i'?/i))''^^i(^i))'^^i^^2 

j=l,2 -^^^ 

<c{l[f^j{B{y,,R-n-'^)(f |G(n,r2)p(l + ri2 + r|)^^^^l^y 



i=l,2 



(13) x( / (l + r,^ + r,^)^ 

R2 



<^ii^iin...... n/^.(^(^-^""^)"^- 



si+S2+2+e 

^ i = i,2 



However, suppF C [0,/?™]^ and supp 6RmF C [0, 1]^ so 

From the last two estimates one can obtain a multipher result in which the required 
order of differentiability of the function F is of 1 greater than that of Lemma 13.51 
To get rid of this additional 1 we use Mauceri-Meda interpolation argument, see 
[19] and [11]. First we note that the estimates from Lemma [3.51 are equivalent to 
the following inequality 

/ |i^5^_„F(Li,L2)((a;i,a;2),(l/i,l/2))r H (^ + ^Pi(^i'%))''^/^i ^ /^2(a:i,X2) 

•^^ j=l,2 

(15) < C\\F\\l^^^ n -"^(^(2/,' R-'))-' 



1+^2 



for all bounded Borel functions F such that suppF C [0, 1]^. Now we define the 
linear operator Ky^^y^^R-. Iv°°([0, 1]^) -^ L'^{Xi x X2,/ii x 112) by the formula 

Ky^mAF) = K5 F{L^M){- ' {yi^ 2/2))- 
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By Lemma [3.21 



K. 



yi,y2,R 



L°=([0,l]2)^L2{Xi xX2,/il Xfi2) 



<Cllfi,{B{y„R-'))-\ 



i=i,2 



Next we put Ll^^y^^si,s2,R = ^^(^i ^ ^2, f^yuy2,si,s2,R), where 

diJ^yi,y2,si,s2,Ri^i^ ^2) = J]^ (l + Rpj{x j , yj))^^ d/Ji X /i2(a;i,X2) 

J=l,2 



<C n fiJB(yj,R-'))-\ 



By ^ and ([T 



i^, 



y,R 



By interpolation, for every 6 G (0, 1) there exists a constant C such that 
\\6RF{L^,L,)i.,iy„y,))\\l2 



yi,y2>ti^i'"'^2' 



<C||F| 



[L^,W^, + .^^2+e)/M 



l[f,,{B{y,,R-'))-\ 
i=i,2 



In particular, for all s > 0, G (0, 1) and e' > e 

\\5n-r^FiL,,L,){-,{y,,y2ml. 



!/l,H2.''si.''S2. 



<C\\F\ 



W: 



'si+es2+2e+ee')/2 



n/^^(^(^^'^''))"'- 



i=i,2 



Hence putting s' = SjjQ in the above inequality and taking Q small enough we 
obtain 



<C\\F 



V\,V2^^\<''2'^ 
J=l,2 



This proves flTSl) and Lemma [3.21 D 

Next we show the following simple consequence of doubling condition ^. 

Lemma 3.6. Suppose that ([5]) holds. Then for any si > di and S2 > c?2 there 
exists e > such that 

(16) f H {1+Rpj{x„ y,))-'^dp{x) < C(l + rR)-' J] p{B{y,, R-')) 

JXp-B{yp,r) -^^2 j=l,2 

where B{yp,r) = {xp G Xp: pp{xp,yp) < r}. 

Proof. Choose e > such that s'- = Sj — e > dj and note that 

inf l[{l+Rp,{x,,y,))-^<{l + rR)-\ 

Xp—B[yp,r) -^ -^ 
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Hence 

J Xp-B(yp,r) j^^2 



< {1 + rR)-' I \{{l + Rp,{x,,y,))-''^d^ip{a 



JXp j^^2 

Next 



•^^P j=l,2 j=l,2 -^^3 

so it is enough to show that for j = 1 and j = 2 one has 

1 + Rpj{xj, yj))-''3dpj{xj) < fij{B{yj, R-^)). 



As before we skip the index j in the proof. 

y"(l + Rp{x, y))-'dfi{x) < p{Biy, R-')) + J2 j (M^, y)r'dfi{x) 

< piBiy, R-')) + 5^(2'=)->(5(y, 2^+Vi?)) < Cj^i^'r^'KBiy, R-')) 

<p{B{y,R-')). 

U 

To prove that operator is of weak type (1,1) we usually use estimates for the 
gradient of the kernel. The following theorem replaces the gradient estimates in 
the proof of Theorem 12. 1[ 

Theorem 3.7. Suppose that ||F||loo < Ci and that 

(17) sup sup / \KF(i-<^r){L^,L2){^P^yp)\dpp{xp) <Ci, 

reR+ yp&Xp JXp-B{yp,r) 

where $^(-^1,-^2) = exp(— r'^(Li + L2)). Then 

Proof. Theorem 13.71 follows from |10, Theorem 2]. Indeed one can check that 
the family of operators exp(— tLp), where Lp = Li + L2 satisfies all assump- 
tions from [in]. Hence any operator T which is bounded on L^ and whose kernel 
-f^T(i-'i',.)(-^i, -^2) satisfies condition ( IT7I) is of weak type (1, 1). See also [HI [13] and 
[7] for similar results. D 

Remark. In this note we define Calderon-Zygmund type operators in the sense 
of Theorem 13.71 and [T0[ Theorem 2]. Note that this does not mean that the 
singular kernel of the operator T is continuous outside the diagonal as it is the 
case for classical Calderon-Zygmund operators. For quasielliptic operators which 
we discuss below continuity of the kernel is a question of independent interest. 
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Proof of Theore'm \2.1[ Choose a function rj in C^(0, 1) such that 

^r/(2"'"A) = l VAGR+. 

ngZ 

Then 

F(l - $,)(Li, L2) = 5^ VnFil - ^r)iL^, L2), 
nez 
where rjn = 62-nmrj. Recall that rj{Xi, X2) = ri{Xi + A2). By Lemma [331 and 
Lemma [3.61 for any Sj > dj, j = 1,2 there exists e,e' > such that 

/ \K^nF{l~'S>r){LuL2){XP,yp)\dflp{Xp) 

J Xp-B(yp,r) 

f TT ^ -^/^ 

x( / r[(l + 2Xx„i/,))-^^rf/ip(xp)^'^' 



< C(l + 2V)-^/2(n/^.(^(%-,2-"))^ 






X 

i=i,2 
< C(l + 2V)-^/l52.™[^„F(l - <^r)l\\W 



SI +S9+£' 



Now for any Sobolev space py]'(R) and any integer k > s 

\\62nm[rinF{l — ^r)]\\wi° < C'p2™['7n-^]||PVP||'52'""[1 — *^r] ||Cfc([l/4,l]) 
< 02"™ k/n-f^ woo = ; ; TVOoiTi-T M/°°- 

Hence for s = '^i+''^2+^' 

(18) sup / \KFii-^r)iLuL2){^P^yp)\df^p{xp) 

yp&Xp J Xp~B{yp,r) 

('r2"l'" 
^ ^E TTT^iv^ (^ + 2V)-/^||^<52n..F|U. < Csup W,F\\^. 
nez ^ + l^^ J *>o 

as required to prove Theorem I2.1[ D 

4. Analysis on fractals and quasielliptic operators 

Many interesting examples of spaces and operators satisfying Assumption 11.11 
are described in the theory of Brownian Motion and Laplace like operators on 
fractals, see for example [HI [2l]. A compelling instance of such an operator 
is the Laplace operator on the Sierpihski gasket SG (Neumann or Dirichlet). 
Assumption 11.11 and condition (jS]) hold with d = log 3/ (log 5 — log 3) = and m = 
d + 1 = log 5/ (log 5 — log 3), see [31 [231 [21] ■ We are especially interested in this 
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example because the set of ratios of eigenvalues for the Laplacian on SG has gaps 
so it can be used to construct quasielliptic operators. Indeed the main results of 
[1[ Theorem 2.1] says that 

Theorem 4.1. For any two eigenvalues Xi,Xj of the Laplacian on SG 

A. 






where a and (3 are defined by ([2]) . 



There are more examples of Laplacian on fractals such that the sets of ratios of 
their eigenvalues have gaps. For instance this is the case for hierarchical fractals 
introduced by Humbly HH{h). For definitions and a precise formulation of results, 
see P Theorems 5.2 and 5.3]. It also can be noticed that the discussed result that 
holds on SG also holds in the setting of [2S]. It is easy to note that if {a, (3) is a 
gap in the set of ratios of eigenvalues a < 7 < /3, a, 6 G R, c, d > and ^ = 7 
then the operators defined by ([3]) are bounded on L^. It seems likely that this 
short description of results concerning quasielliptic operators and gaps in the sets 
of ratios of eigenvalues will be soon outdated. Therefore, we state our result in 
an abstract way which could be applied to all quasielliptic operators. 

Definition 4.2. Suppose that L is a positive self-adjoint operator acting on L'^{X) . 
We say that the interval {a, (3) is a gap in the set of ratios of eigenvalues of L if 

for all Aj, Xj in the L^ spectrum of the operator L. 

Next we consider the Cartesian product of two copies of metric measure space 
X and operators Li = L 1 and L2 = 1 ® L acting on L^(X^). 

Theorem 4.3. Suppose that metric measure space {X,^,p) satisfies condition ([5]) 
with doubling constant d and that operator L satisfy Assumption W .![ Next assume 
that {a, (3) is a gap in the set of ratios of eigenvalues of L and that 

Ai 



suppcj c {(Ai, As 



A. ' 



<a} 



for some 7, a such that q;<7 — cr<7 + cr</5. Assume in addition that for some 

s > d 

sup \\rj6t [(1 — uj)F] \\w^ < 00, 
t>o 

where rj is defined in the same way as in Theorem \2.1[ Then the operator F{Li, L2) 

is of weak type (1,1) and is bounded on L'^(X^) for all 1 < q < 00 . 

Proof. It is not difficult to note that if {a, (3) is a gap in the set of ratios of eigen- 
values of L then ^^^(Li, L2) = 0soF(Li,L2) = (1 — u;)F(Li, L2) and TheoremH]3] 
follows from Theorem 12.11 D 

Below we describe a straightforward consequence of Theorem 14.31 
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Corollary 4.4. Suppose that for some c,d > 0, cLi — dL2 is a quasielliptic 
operator, that is a < - < (3, where (a, (3) is a gap in the set of ratios of eigenvalues 
of L described in Definition \4:.2[ Then for all constants a,b E C the operators 

all + 6L2 , L1L2 

and 



cLi — dL2 (cLi — dL2Y 

are hounded on all L^ spaces for 1 < p < 00 and of a weak type (1, 1). 
Proof. Corollary 14.41 follows from Theorem 14.31 if one chooses function uj such that 



^(■^1) -^2) = 1 for all Ai, A2 such that 



A2 



< £ for some small e > 0. D 



Example 4.5. If a and (3 are defined by ([2]) then the Neumann and Dirichlet 
Laplacian acting on Sierpinski gasket GS satisfy all assumption of Theorem 14.31 
and Corollary \AA[ 

Acknowledgement: The author is indebted to Robert Strichartz for alerting 
him to the main research problem studied in the paper and hosting him at Cornell 
University. 
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